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AbstractThis work presents DF, a feature constraint system that starting from themain lines of the two major approaches in the �eld { the OSF systemof Hassan A��t-Kaci, and the CFT system of Gert Smolka { provides fornew signi�cant characteristics: a �rst-class citizen status o�ered to (bothfeatures and) sorts, �ner grained constraints using arguments in the fea-ture context, well-type conditioning between feature values and types, andprinciple-based completion of sort signature.Our approach was inspired by a less known work of Michael Kifer, namelyF-logic [16] which was designed as \a logical foundation for object-orientedand frame-based languages". An alternative constraint approach is neededin order make F-logic useful as a logic programming language, due tocomplex description of objects and the large number of inference rulesinvolved. This paper aims to do this job.
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1 IntroductionWe de�ne DF, a constraint system working on �-terms, higher-order logic records ex-tending H. A��t-Kaci's  -terms, and thus �rst-order terms. The present section �rstlysurveys the DF background and then o�ers an account on what distinguishes it withrespect to well-known feature constraint systems. Section 2 introduces the syntaxand logical semantics of DF. Then, Section 3 provides the operational approach forboth (positive) DF-clause solving and sort signature completion via simple, respec-tivley de�nite normalization rules. Later on, relative normalization rules will carryboth �-term matching and the satis�ability test of DF-formulae by DF clause entail-ment. The �nal aim of this work is to make M. Kifer's F-logic e�ective as a logicprogramming language.1.1 Related workThe interest for feature constraint systems emerged with the seminal work of GertSmolka [21] that succesfully characterized the early uni�cation-grammar formalismslike LFG, FUG, PATR-II [14], [15], [19] in the predicate logic. Constraints in theseformalisms were expressed as �rst-order formulae with equality and a general methodto decide their satis�ability was designed.The way was thus opened to better specify the tree constructor terms in Herbrand,the constraint system underlying Prolog. FT [6], the new system, based on featureterms, emerged then to CFT [23] by incorporating arity constraints, and was �nalychosen to underlie the concurrent constraint object-oriented language Oz [20].On the other side, feature constraints were used to express in a powerfull waylogic records generalizing �rst-order terms, namely  -terms [2] [3] [7], allowing for thesound use of the inheritance principle in the area of logic programming.This paper aims to enhance the previously mentioned work by reconsidering a(more complete) attempt to express the object-orientation paradigm in logic, namelyF-logic [16]. We preserve the F-logic high expressivity1 but replace its rather compli-cated operational semantics (13 inference rules!) with a simple one based on constrainttheory normalization and relative simpli�cation rules. The resulting constraint systemis called DF.The interested reader can �nd in the Appendix at the end of this paper a briefintrodution of F-logic, slightly addapted from [16]. For convenience, we restrictedthe presentation assuming Datalog instead of Prolog ones as `identi�cation' terms forcomplex objects.2 While reading the Appendix is not compulsory for the understand-ing of the paper, it o�ers an idea of the way we followed to make F-logic e�ective asa logic programming language.A simple synoptic view on the above mentioned feature-constraint systems is givenin Figure 1. It considers also the E and EF systems [24] which provides FT, respec-tively CFT systems with a �rst-class citizen status o�ered to features. DF extendsthis status to sorts.Speci�c contributions aimed by the present work are the following:1up to restriction to Datalog terms instead of Prolog ones to denote complex objects and classes.We call corresponding subset of F-logic DF-logic. For the sake of uniformity, we do not de�ne atomson top of terms, as F-logic does. We introduce instead a new type of methods, namely predicativemethods in the �-term de�nition.2We name DF-logic the subset of F-logic determined in this way. All the results are preserved inthe new settings. 3
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DFFigure 1: Overview on Feature Constraint Systems{ distinguishing between single- and multi-valued features on one side, and betweenfeatures values and their types on the other side;{ using of arguments to de�ne the feature application context;{ doing type control via well-type conditioning and type inheritance axioms; and{ allowing for inferential completion of (partially speci�ed, possibly conditional) sortsignature.1.2 Why another feature constraint system?The answer to this question is mainly twofold:1. The need for a logic programming language working in the F-logic speci�csettings lead us to a \dedicated" feature constraint system here presented.2. The OSF system (which is obviously more linked to DF than CFT) has in ouropinion two major drawbacks:i. OSF cannot ultimately dissociate between feature values and types.Example 1.1 Given the simple sort signaturegirl : person boy : person lucy : girl mark : boy jim : boy:shown in Figure 2, an OSF-like declarationlucy[likes ) boy]will make the goal ?� lucy[likes ) X]produce the answers X = boy;X = mark;X = jim:We consider that the informational entropy of this response is too wide.4
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jimmarklucyFigure 2: A (ground) reference signatureF-logic, and therefore the DF constraint system make instead a clear distinctionbetween feature values and types. This is done by imposing) to declare only types(i.e., in the above example: if lucy likes something, then that is a boy), and introducingthe functional correspondence ! to denote (only) values. For example, the fact thatlucy likes jim is (explicitely) declared bylucy[likes ! jim]:The correspondence between feature values and types is ensured by the so call well-type conditioning principle. In a simpli�ed form, this principle says thatobject[feature ! value]object[feature ) type ] �) value : type:ii. OSF assumes a sort signature completely speci�ed at the syntax level. It isoften the case that the sort signature we are involved with is not apriori totally known,or at least that a combined syntax-semantic approach is suitable from the user pointof view. DF does this just using the above mentioned well-typing principle. To getan idea of how things work in DF, let's take the following DF de�nite program:Example 1.2(C1) X[happy] :� X :person[friend! Y ]:(C2) person[friend ) person]:(C3) Z[F !W ] :�W [F :symmetric ! Z]:(C4) friend :symmetric:(C5) albert :person(C6) albert[friend! lucy]:We informally show how the predicative feature happy yields the truth value truefor lucy. First, albert inherits the friend typing method from the person class (C2)as he is a person (C5). One could visualise the type inheritance e�ect3 by explicitlywriting3In a simpli�ed form, the type inheritance principle can be expressedclass[feature) type]object :class o) object[feature) type]:5
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YFigure 3: Run-time sort signature completion(C7) albert[friend) person].Now, due to the the well-typing conditions that link method values and types, it fol-lows from (C6) and (C7) that lucy is a person:4 The e�ect of run-time signaturecompletion for this speci�c case is shown in Figure 3.(C8) lucy : person.Applying clause (C1) for X instantiated to lucy will prove that's enough for our goalto prove that lucy has a friend.(C9) lucy[friend ! Y ].She has a friend indeed due to (C3), since friend is a symmetric function (C4) andthere is someone whose friend is she, namely albert (C6). So, �nally(C10) lucy[happy].Note for example in the clause (C3) how DF o�ers a �rst-class citizen status tofeatures. That clause says that every symmetric function commutes his argument withits caller.This example was inspired to us by [12].2 DF ConstraintsThis section presents the DF system syntax and the underlying constraint semantics.2.1 DF Logic RecordsThe logic structures descriebed by the DF system are based upon three types of ele-mentary relations: derivations, equations and methods. These relations lead naturallyto the DF base terms:4Note that OSF, and therefore LOGIN and LIFE are not capable of such an inference. If it wasnot explicitely declared that lucy is a person, then the mentioned goal could not be solved.6



derivation s : t 1:equation s = t 2:functional method s[u@w1; :::; wn! v] 3:1set-valued method s[u@w1; :::; wn!! v] 3:2function-typing method s[u@w1; :::; wn) t] 3:10set-typing method s[u@w1; :::; wn)) t] 3:20boolean method s[u@w1; :::; wn] 3:3The intended meaning of these relations is respectively- 1: s is an object of the type t (or: s is a sort derived from t);- 2: s is equal to t;- 3.1: The value of the functional feature u for the object/class s in the context madeof the w1; ::; wn arguments is v;- 3.2: One of the values taken by the set-valuated feature u for s is v when taking theargument w1; ::; wn;- 3.1' and 3.2': The value(s) of the function-typing, respectively set-typing feature5 ufor s in the context w1; ::; wn should belong to the sort t; and- 3.3: The feature u is true for s in the context w1; ::; wn.In the above relations, s; t; u; v; wi are references belonging to R = C [ V, whereC = fa; b; c; :::g is a set of constants,6 and V = fX;Y; :::g is a countably in�nite set ofvariables.We individualize among constants a special one >, read \top".Methods having a same root s are commonly built together into a single framestructure called �-term.By syntax convenience, the special character @ is ommitted when the feature takesno arguments.Example 2.1 The well-known Prolog denotation for lists [ ]; [H j T ] is made explicitby the following DF-terms that de�ne also the type for the append opperation on lists:(T1) nil : list(T2) list[ tail ) list;append@list ) list](T1) is a derivation term and declares nil to be a list. (T2) is a �-term sayingthat the tail of any list is also of the list type, and that appending a list to anotherlist returns always a list.By convenience, derivation terms will be allowed to enhance the �-term writing.For instance(T3) nil[append@L:list! L]The �-term de�nition can be extended recursively to allow that v and t in themethods' de�nition be �-terms, as in5) corrsponds to !, and)) to !!.6C is assumed to be in�nite in order to ensure the existential prenex s-equivalent form for eachDF-formula. 7



s := t equation constraints : t derivation constraints[uqt�v]t non-boolean method constraint (qt =!;);!!; or )))s[u�b�v] boolean method constraintFigure 4: Atomic DF-constraints(T4) L0 : list[ head! H;tail ! T [append@L:list! Z];append@L! Y [ head! H;tail ! Z]]. Now it can be easily seen that  -terms { logic records in the OSF theory { are�-terms containing only functional argumentless methods, and whose features namesare constants.7 By consequence, �rst-order terms are �-terms.DF-logic formulae are built on top of DF-terms using logical quanti�ers and con-nectives.2.2 DF Logic SemanticsWe introduce now the DF constraint semantics. This is an intensional one, meaningthat relations that de�ne predicates are assigned to denotations in the domain ofinterpretation, not to the symbol names themselves.The elementary relations introduced in the precedent subsection translate natu-rally into DF atomic constraints which are shown in Figure 4. The �v symbol denotes a�nite (possibly empty) sequence v1; :::; vk. These constraints are built upon :, :=, anduqt�v as binary predicates (for qt one of !;);!!;))), and u�b�v as unary predicate.Note that we think uqt�v as HiLog [9] predicate. Translation into �rst-order predi-cate logic with equality is imediate. The reader could alternatively consider : [ : : ::: ] :as a multy-arity predicate de�ned in the contextual �rst-order predicate calculus.De�nition 2.1 Let C be a set of constants. A DF-algebra over C is a tupleA =< DA;�A; IAC ; (IAp!�q)p;�q ; (IAp)�q)p;�q; (IAp!!�q)p;�q ; (IAp))�q)p;�q ; (IAp�b�q)p;�q >whereDA is the domain of the DF-algebra A,�A is a binary relation on DA,IAC : C ! DA is the interpretation of constants,IAp!�q, IAp)�q, IAp!! �q, IAp)) �q, indexed on p 2 DA and �q 2 (DA)� = Sn�0 (DA)nare binary relations on DA, andIAp�b�q are unary relations on DA.7These restrictions lead to the fact that  -terms are de�ned upon a sort signature (C,:,^) whichorganize C as lower semi-lattice, ^ denoting here the sort intersection. As [2] shows, such a signaturecan always be constructed provided that : is a computably partial order relation on C.8



Let A be a DF-algebra, �A the re
exive and transitive closure of �A, and � : V !DA a variable assignment in A extended as usually to constants from C. Satis�abilityof DF-atomic constraints is de�ned as follows:A; � j= s := t i� �(s) = �(t)A; � j= s : t i� �(s) �A �(t)A; � j= s[uqt�v]t i� (�(s); �(t)) 2 IA�(u)qt�(�v) for qt 6=�bA; � j= s[u�b�v] i� �(s) 2 IA�(u)�b�(�v)Satis�ability of complex DF formulae (obtained via logical connectives and quan-ti�er application) is de�ned as usually.From now on, for the sake of uniformity, whenever not otherwise said, qt willdenote !;);!!;)) and �b. By consequence, when writing s[u�b�v]t we will assume byconvention that t is the special symbol >, denoting the truth value true. (Booleanmethods are seen as a special kind of functional methods.)Every �-term is interpreted as the conjunction of elementary constraints it is builtupon.De�nition 2.2 A DF-clause is a �nite conjunction of atomic DF-constraints.Example 2.2 For the �-term (T2) from the precedent example we get the DF clauselist[tail)]list ^ list[append) list]listwhile the �-term (T4) goes intoL0 : list ^ L0[head!]H ^ L0[tail!]T ^ T [append!L]Z ^ L : list^L0[append!L]Y ^ Y [head!]H ^ Y [tail!]Z.Conjunction will be seen as an idempotent and commutative operation having> as neutral element. Thus DF-clauses can be seen equivalently as sets of atomicDF-constraints. The empty DF-constraint clause, denoted >, is always true.It's useful to note clear that any DF-clause � has three main components: theequation part � :=, the derivation part �:, and the frame part �[ ]. All these componentsof � are de�ned as one would expect:�: = fs : t j s : t 2 �g� := = fs := t j s := t 2 �g�[ ] = �� (�: [ � :=):Now we introduce a particular form for DF-clauses which serves to characterizetheir satis�ability. The next section will give an operational way to get such a formfor every DF-clause.De�nition 2.3 A (positive) DF-clause � is in solved form (or, simply: is solved) if1. there are no derivation cycles s : t1; t1 : t2; :::; tn :s in �;2. if s := t 2 �, then s occurs only once in �;3. if 8<: s1[u1!�v1]t1 2 �s2[u2!�v2]t2 2 �, ands1 := s2; u1 := u2; �v1 := �v2 2 � 9=; then t1 := t2 2 �,9



(G) ~8(X : >^ :> : X)(AS) ~8(X:Y ^ Y :X ! X := Y )(F) ~8(X[u!�v]Y ^X[u!�v]Z ! Y := Z)(WT) ~8(X[u!�v]Y ^X[F)�v]Z ! Y :Z)~8(X[u!!�v]Y ^X[u))�v]Z ! Y :Z)(T) ~8(X[u)�v]Y ^X0:X ^ �v0:�v ^ Y :Y 0 ! X 0[u)�v0]Y 0)~8(X[u))�v]Y ^X0:X ^ �v0:�v ^ Y :Y 0 ! X 0[u))�v0]Y 0)(C) ~8(��! 9C(�)�) for every � solved clause.�� is the set f:(u := u0&�v := �v0) j s[u!�v]t; s[u0!�v0]t 2 �g, andC(�) is the set of all constrained variables in �.Figure 5: Axiom schemes for DF-algebras4. if 8>><>>: s1[u1!�v1]t1 2 �s2[u2)�v2]t2 2 �u1 := u2 2 �;s1 : s2 and �v1 : �v2 2 � 9>>=>>; then t1 : t2 2 �, andsimilarly for !! in correspondence with )).The axiom schemes all DF-algebras have to satisfy are given in Figure 5. Therethe ~8� formula denotes as usually the universal closure of �.The (G) axiom expresses the fact that > is assumed to be the greatest element inthe domain of interpretation. The (AS) axiom corresponds to the antisymmetry of thederivation relation. The (F) axiom states the functionality of single-valued methods.The (WT) axiom gives the well-typing correspondence between values and types forsingle-valued, and respectively set-valued methods. The typing axiom (T) expressesin a compact form the type inheritance, argument subtyping, and range supertypingprinciples from the object-orientation paradigm. (One could see the distinct cases ifnote for instance that Y 0 can be just X, and Y 0 can be Y . In that case the formulastates the argument subtyping principle.)Finally, the (C) axiom is added (as [24] pointed out) in order to avoid emptyrelation interpretations for the �rst-order predicates on which DF atomic constraintsare built.8De�nition 2.4 Let � be a DF-formula, and A a DF-algebra. A valuation � in A isa solution of � if A; � j= �.The de�nitions for DF-equivalence, DF-entailment and DF-disentailment relationsbetween formulae are given as expected.8X is constrained in � if there is a constraint X : s, X [uqt�v]t, or X := t in �.10



De�nition 2.5 Let A be a DF-albegra, and � and  DF-formulae.� and  are equivalent in A if A j= ~8(�$  ).� entails  in A if A j= ~8(�!  ). Notation: � j=A  .� disentails  in A if A j= ~8(�!6  ). Notation: � j=A : .� determines  in A if either � j=A  or � j=A : .De�nition 2.6 Let � and  be DF-formulae.� is DF-equivalent to  if � and  are equivalent in every DF-algebra A.� DF-entails/disentails  if � DF-entails/disentails  in every DF-algebra A.Proposition 2.1 Every solved DF-clause � is satis�able.Proof: Let R(�) be the set of all references occuring in �. Obviously, � := de-termines an equivalence relation �� on R(�). Let � be a functional mapping � :R(�) ! R(�) such that �(s) = �(t) i� s �� t. (Such a function can be immediatelyconstructed by choosing one representative for each class in R(�)=�� .)Let A� be a DF-algebra A� =<D�; <�; I�C ; I�!; I�); I�!!; I�)); I��b ;> such thatD� = �(R(�));s <� t i� s : t 2 �;IC(a) = �(a), for every a 2 C;I�qt contains (s; t) if s[uqt�v] 2 �, for qt 6=�b,if I�) contains (s; t); s0 �� s; �v0 �� �v, and t �� t0 then I�) contains (s0; t0),and similarly for )).Then the A�-valuation� which assigns every X inR(�) to �(X) inD� is a solutionof � in A�. 2The DF-algebra A� constructed in the proof of the above statement (assumingeach I�qt minimal wrt the speci�ed properties) is called in the sequel the canonical DF-algebra associated to �. It can be easily converted by isomorphisms to a canonical DF-graph9 algebra corresponding to �. We show that it generates via DF-homomorphisms9A DF-graph is a tuple G =<N;E = E0 [E00; �; r0>whereN is a �nite set of nodes r; s; t; ::: 2 R;E � N �N is the set of derivation edges (making the subset E0), and method edges (E00, whichis disjoint fron E0);� : E00 ! 2C�QT�C� , where QT = f!;!!;);));�bg, associates labels to method edges; andr0 is the root of G.Every DF-graph G has to satisfy the following conditions:(G.AS): there are no derivationcycles inG, i.e., if (s1; s2); (s2; s3); :::; (sn�1; sn) 2 E0 then sn 6= s1;(G.F): functional method edges are determinate, i.e., if (s; v); (s; v0) 2 E00 and �(s; t) \ �(s; t0)contains (u;!; �w), then v = v0;(G.WT): \value" and \type" method edges commute through derivation chains, i.e., if (s; v) and(s; t) 2 E00, �(s; v) contains (u;!; �w), and �(s; t) contains (u;); �w), then there is a derivation chainsfrom v to t in E0;(G.T): method edges emerge through derivation edges, i.e., if (s; t) 2 E00, (u;); �w) 2 �(s; t), andthere are derivationchains in E0 from s0 to s, from t to t0 and from �w to �w0 (obviously, on corrspondingcomponents), then (s0 ; t0) 2 E00 and (u;); �w0) 2 �(s0; t0). Similarly, for !! in correspondence with));(G.P): boolean methods edges link only to >, which represents the truth value true: if (s; t) 2 E00and (u;�b; �w) 2 �(s; t), then t = >.From the implementation point of view, it's conveniently to work with DF-graph generators: grapswhich satisfy the conditions (G.AS), (G.F) and (G.P). They are further \lazily" closed through(G.WT) and (G.T). 11



all solutions of �.De�nition 2.7 Given A and B two DF-algebras, a DF-homomorphism from A to Bis an application 
 : DA ! DB such that:
(u) <B 
(v), for every u, and v in DA such that u <A v.
(IAC (a)) = IBC (a), for every a 2 C;IB
(u)!
(�v) = f(
(s); 
(t)) j (s; t) 2 IAu!�vg, for every u 2 DA, and �v 2 (DA)�;IB
(u)!!
(�v) � f(
(s); 
(t)) j (s; t) 2 IAu!!�vg, for every u 2 DA, and �v 2 (DA)�;and similarly for ), and )); andIB
(u)�b
(�v) � f(
(s) j s 2 IAu�b�vg, for every u 2 DA, and �v 2 (DA)�.The following results justify for the canonicity of the algebra A� relative to thesatis�ability of �. The next section will prove that we can �nd for every DF-clause �a DF-equivalent solved form.Proposition 2.2 Let 
 : A ! B be a DF-homomorphism, � and � valuations in A,respectively B, and � a DF-constraint. If A; � j= �, then B; 
(�) j= �.Proof: Immediately, due to the de�nitions of DF-homomorphismand satis�abilityof DF-constraints. 2In fact, the above property is true for � any DF-formula. (To show this it issu�cient to consider the disjunctive normal form of �.)Proposition 2.3 If � is a solved DF-clause, A� is the canonical DF-algebra associ-ated to �, � is a solution of � in A�, and � is a solution of � in the DF-algebra A�then there is 
 : A� ! B DF-homomorphism such that � = 
 � �.Proof: Let � be the application de�ned in the proof of Proposition 2.1. Then
 : DA� = R(�)! DB by 
(s) = �(�(s)) satis�es the stated claim. 23 DF NormalizationThis section gives the operational counterpart for solving DF-clause �rst, and thenfor the general case of DF-formulae. All this work is done using rewriting rules.So, solving (positive) DF-clauses is achieved by simple (or: basic) normalizationrules.We introduce then the notions of de�nite DF-constraint and de�nite DF-clause.De�nite normalization rules compute a solved form for a given de�nite DF-clause.Thus the way is prepared for doing relative simpli�cation of a (positive) DF-clausewrt a de�nite DF-clause, and this task is realized by relative normalization rules.Relative normalization rules cover both DF-term uni�cation (corresponding in factto term matching in the OSF idea) and DF resolution, as we allow the clause relativeto which the simpli�cation is performed to be a de�nite one.10One subsection is dedicated to each of these three groups of normalization rules.One more subsection introduces an enhanced syntax for DF-constraints { using multi-sorted variables { together with its operational semantic counterpart, used in writingdown in a compact manner the rules in the last two groups.10Uni�cation and resolution in F-logic is thus replaced in our approach by two sets of conditionalrewriting rules: the �rst transforms the program into an equivalent normal form, the second performssimulteneously conditional uni�cation and resolution.12



(EquE) t := t ^ ��(VarE) V := t ^ �V := t ^ �(V=t) if V occurs in �(EquR) a := V ^ �V := a ^ �(ConR) a := b ^ �a := b ^ �(a=b) if a 6= b and a occurs in �Figure 6: Equational Basic Normalization Rules3.1 DF Basic NormalizationNow we start the presentation of basic (or: simple) DF-normalization rules. Given a(positive) DF-clause �, they put it under an equivalent solved form.There are two groups of DF basic normalization rules. Those in the �rst group, theso-called equational rules concern the equational part of the clause to be normalizedand are given in Figure 6. They do eliminate trivial equations (EquE), substitutevariables by the references they are equated to, propagate their e�ect into the wholeclause (VarE and EquR), and also rewrite the clause with respect to the congruencerelation induced on the alphabet C by the equational part of � (ConR).In writing these rules we denoted by �(s=t) the formula obtained from � by replac-ing all occurences of s by t. Also, it is assumed that equations are seen as oriented,i.e., a := b is not the same with b := a. This assumption is needed to ensure thetermination of normalization process.The second group of basic normalization rules are the so-called core rules, givenin Figure 7. They provide for new entries to the equational part of the clause { viaantisymmetry (AS) and functionality (F), or to the derivational part of the clause {via well-typing conditions (WT).Note that normalization acts like a communication process between the three dis-tinct parts of the clause �, namely �=, �: and �[ ]. Using the terminology that appearsin [20], each normalization rule reads information from one part's \blackboard" (ex-cept for (F) and (WT) that read from two blackboards), and write information onanother part's blackboard (except for (VarE) and (ConR) which write on all black-boards).Basic normalization rules apply as time as possible on a given DF-clause �, withoutassuming any preferential application order.Proposition 3.1 Basic DF-normalization rules are �nite terminating.Proof: There is only a �nite number of derivations and equations that can be addedto � (via (WT), respectively (AS) and (F)) due to the �nite number of constraintsin � which implies also that there are only �nitely many references in �. Only the13



(AS) t :s^ s : t ^ �s := t ^ �(F) s[u!�v]t ^ s0[u0!�v0]t0 ^ �t := t0 ^ s[u!�v]t ^ s0[u0!�v0]t0 ^ �if s := s0; u := u0; �v := �v0 2 � and t := t0 62 �(WT) s[u!�v]t^ s0[u0)�v0]t0 ^ �t : t0 ^ s[u!�v]t^ s0[u0!�v0]t ^ �if u := u0; s :s0; �v := �v0 2 �, and t : t0 62 �Similarly for !! in correspondence with )).Figure 7: Core Basic Normalization Rules
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listFigure 9: Dynamic typing of variables in DFderivational and the equational sub-parts of � can increaze in cardinality during thenormalization process, but this increasing is limited due to the same reasons statedabove. Finally, note that only one rule application is possible for every equationconstraint in �. 2Proposition 3.2 Every DF-clause � normalizes into an equivalent solved clause �0.Proof: �0 results in a solved form due to the way the normalization rules arede�ned, and � j=jDF�0, that is j=DF ~8(� $ �0), due to the (AS), (F) and (FT)normalizations rules { DF-axioms correspondence. 2Example 3.1 The conjunction of the DF-clauses corresponding to thw DF-terms(T2) and (T4) in Example 2.2 will gain by normalization the sort speci�cationsT : list ^ Z : list ^ Y : list:The dynamics of sort characterization of variables through the normalization processis shown in Figure 9. (Prefacing what comes in the next subsection, > is assumed tobe the greatest element in the is-a hierarchy.)It is important to note that DF allows in this way a �ne run-time type checkingof variables.The graph corresponding to the normal form of the DF-term conjunction T =(T1)^(T2)^(T3)^(T4) is shown in Figure 10. Dashed arrows correspond to methodswhile plain arrows denote the is-a relation. Together with its subgraphs it generatesthe canonical DF-graph algebra associtated to T .3.2 Reference SignaturesThis rather technical subsection presents uni�cation on (simply �rst, and then con-ditional) reference signatures. Its rôle is to ensure a compact formulation of de�niteand relative normalization rules to be presented in the following subsections. We hopethe reader will not get lost into details. If he assumes an intuitive understanding ofthe just mentioned notions, he can skip that subsection at the �rst reading, returningeventually later to it.From now on we use an enhanced syntax for DF-constraints, namely imposing theuse of sorted variables (in fact already allowed in the �-term writing). This enhancedsyntax allows for a compact formulation of all rewriting rules to be further presented.15
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Y Figure 10: The graph corresponding to the solved form of TLet C = fa; b; :::g be a set of constants, and V = fX;Y; :::g a countably in�nite setof variables. We assume that C contains the special symbol > read \top'.A sort mapping � : V ! C� associates to each variable X as �nite non-empty setof constants fa1; :::; ang. The pair (X;�(X)) is called sorted variable and is simplywritten Xa1 ;:::;an . We assume that for each �nite set of constants S there are in�nitemany variables X such that �(X) = S. The variables whom � associates the top sort> are called simple variables and are commonly written X instead of X>.In the sequel a reference is meant to be either a constant or a sorted variable.Obviously, every DF-clause can be equivalently rewritten in the enhanced DF-syntax, that means using sorted variables.Note also that the (base) normalization rules presented in the precedent subsectionpreserve their formulation when the clause under normalization is written using thepresent enhanced syntax.Sort characterization for variables acts like using guards to the application ofnormalization rules.3.2.1 Simple reference signaturesDe�nition 3.1 Let R = C [ SV . A relation < on R is a subset of R�R.The preorder relation determined by < on R is �, the re
exive and transitiveclosure of < on R. If s � t, then s is called descendent of t, which in turn is called anancestor of s.The notion of admissible instantiation on R wrt < is de�ned as follows:De�nition 3.2 Let < be a relation on R.i. Every a 2 C is admissible instance of a wrt <, andii. s is an admissible instance of Xa1;:::;an wrt < if s � ai; i = 1; :::; n.16



Xa Yb

a

b

T

Figure 11: A reference signatureUsually, when speaking about admissible instances of a reference, we will no moremention the relation < to which we refer, if it is clear enough from the context.If s is an admissible instance of Xa1;:::;an , then Xa1;:::;an is called meta-reference ofs. The idea behind is that Xa1 ;:::;an is more general than s. In fact a sorted variableis thought of as a recipient for common properties of all descendents from a1; :::; andan. It should be noted that in the DF system a descendent sort inherits from itsancestors only the typing methods. Inheritance of all methods from one class toanother is allowed via admissible instantiation.De�nition 3.3 A reference signature is a relation < on R such that:i. Xa1 ;:::;an < ai, for i = 1; :::; n, for every Xa1 ;:::;an 2 SV ;ii. > is greatest element of R wrt <, i.e., s � >; 8s 2 R, and :9t 2 R;> < t.iii. < is closed under admissible instantiation on R, i.e., for all s < t, if s0 isadmissible instance of s, and t0 admissible instance of t, it follows that s0 < t0.It's easy to see that any reference is an admissible instance of itself.Obviously, one can see the reference signature generated by a subset S of R�R asthe minimal signature containing S. Indeed, there is a \total" signatureR�R, and theintersection operation preserves the de�ning characteristics for reference signatures.We say that a reference signaure < is �nite if it is generated by a �nite subset ofR�R.Example 3.2 The relation f(Xa; a); (Y b; b); (Y b; a)g is completed up to admissibleinstantiation by adding the pair (b; a), and becomes a reference signature if we extendit considering also (a;>); (b;>). A graphical representation of this signature is givenin the Figure 11.With respect to the above signature, Xa is a meta-reference of Y b since Y b � a.Now we come naturally to the de�nition of admissible substitution with respectto a given signature on R.De�nition 3.4 Let < be a signature on R. A mapping � : SV ! R is an admissiblesubstitution wrt < ifi. �(V ) is an admissible instance of V for every V 2 SV ;ii. For every V 2 SV such that V 6= �(V ) there is a ground admissible instance aof �(V ) in R. 17



We have to say that the second condition in the above de�nition is added onlyfrom reasons of practical convenience. All the results reported in the sequel remaintrue if we eliminate it. It's rôle is (only) to not allow the proliferation of unsatis�ableconstraints during the normalization processes on DF-clauses.As usually, an admissible substitution � is considered �nite if its domain D(�) =fV 2 SV j V 6= �(V )g is �nite. In fact, in the sequel we will work only with �niteadmissible substitutions.Given <, a relation on R, one can naturally associate it the equivalence relationdetermined by cycles in <, namely s � t i� s � t and t � s.It's easy to see that given the point iii. in the de�nition for reference signature,it follows that an admissible substitution preserves the equivalence relation betweenreferences, i.e., if s � t, then �(s) � �(s).Obviously, whenever it's possible, we will ask the signature to be processed tocome with no cycles. But we will see in the sequel that that is not always the case(in the beginning).De�nition 3.5 A normal signature is one for which the determined equivalence rela-tion is the identity on R.We will de�ne now the uni�cation notion in the new settings. It is a generalizationfor domain variable uni�cation [17] in that1. it involves a hierarchy < over domains and2. it is in fact an equational uni�cation wrt �, the equivalence relation determinedby <.De�nition 3.6 Let < be a reference signature on R, and s and t two references.We say that s uni�es with t wrt < if there is an admissible substitution � such that�(s) � �(t) (i.e., �(s) = �(t) or there is a cycle in < to which both �(s) and �(t)belong).In the virtue of the above de�nition two references equivalent wrt < are alwaysuni�able.Given <, a relation on R, then < is naturally rewritten forR=�. (We take [a] < [b]i� a � b and [a] 6= [b]). Given S � R, and < a relation on R, we de�ne min(S=�)the set of the least elements of S=� wrt <.Remark: For every Xa1 ;:::;an, and Y b1;:::;bm 2 SV there is Zc1;:::;ck 2 SV such thatZc1 ;:::;ckis meta-reference for both Xa1;:::;an and Y b1;:::;bm. This claim is true for anyZc1 ;:::;ck such that f[c1]; :::; [ck]g = min((fa1; :::; ang [ fb1; :::; bmg)=�), and then forevery W d1;:::;dq such that for every i from 1 to k there is j 2 f1; :::; qg, with dj < ci.Let's prove that Zc1 ;:::;ck chosen as above is a most general (admissible) uni�er ofXa1 ;:::;an and Y b1;:::;bm wrt <. If V e1;:::;eq is an admissible instance for both Xa1 ;:::;anand Y b1;:::;bm, then V e!;:::;eq � Xa1;:::;an and V e1;:::;eq � Y b1;:::;bm. It follows, giventhe way c1; :::; ck were chosen, that V e1;:::;eq � cl for l = 1; :::; k. Thus V e1;:::;eq isproven to be an admissible instance of Zc1 ;:::;ck.In connection with the above remark, we should say that the second condition inthe admissible substitution de�nition limits the possiblity of reference uni�er choiceto \e�ective" candidats wrt the given reference signature.18



The de�nition of more general uni�er and most general uni�er for two reverencesare given as usually. Also, these notions extend naturally for �nite sequences ofreferences, DF-constraints and DF-formulae.Figure 12 presents an algorithm for admissible uni�cation of references wrt to agiven signature on R. The correctness of this algorithm is immediate, given the aboveremark.Example 3.3 With respect to the reference signature in the preceding example, Xaand Y b unify, and one of their most general uni�er is Y b. Let's take now a little morecomplicated signature:The reference signature generated by fb : a; Zc := Y bg is shown in Figure 13.With respect to it, � = fXa=Y bg is a most general uni�er of Xa and Y b. Thereare also other uni�ers of them, like � = fXa=Zc; Y b=Zcg and � = fXa=c; Y b=cg, butthey are not most general (� = fY b=Zcg��, and �0 = fY b=cg�� = fZc=cg��). Also,b uni�es with c, but not with a.Before ending this subsection, we add some considerations that make a link be-tween DF and CFT systems:Note that every signature < can be seen as an in�nite conjunction of DF derivationconstraints.Conversely, given � a DF-clause, the reference signature de�ned by � is the signa-ture generated by <�= f(s; t) j s : t; s := t or t := s 2 �g:In the sequel we will deliberately use the same denotation for both <� and thesignature it generates.De�nition 3.7 Let � be a DF-clause, R(�), the set of all references occuring in �,and �� the equivalence relation determined by <� on R(�).A normalizer of � is a mapping � : R(�)!R(�) such that �(s) = �(t) i� s �� t.Obviously, we can see every normalizer � of � as an equational DF-clause (i.e.,made only of equations), and also as an admissible substitution (wrt <�).If � is a solved DF-clause, and � is a normalizer of �, let �0 be the formula obtainedfrom � by eliminating all equations from � and replacing every reference s with �(s).Then � j=jDF � ^ �0We have thus a DF counterpart for the normalizer notion introduced in [23]. (Tosee it, one can rewrite the precedent formula by abuse of notation, as � j=jDF � ^ ��.)Obviously, the normalization rules presented in the precedent subsection computefor every DF-clause � { together with a solved form { a normalizer of it.3.2.2 Conditional Reference SignaturesNow we extend the de�nitions in the preceding subsection to conditional referencesignatures. We denote a DF-formula in disjunctive normal form as a set of positiveDF-clauses. The empty DF-clause is considered always > (true), while the empty setof DF-clauses is considered always ? (false).19



Admissible Uni�cation AlgorithmInput: s; t 2 R, and<, a �nite reference signature (in fact a �nite generator of it)Output: �, a most general uni�er of s and t, if s and t are uni�able wrt <, and`Fail', otherwise.Procedure:if s � treturn � = " (the empty substitution);elseif s = a; t = breturn `Fail';elseif s = a; t = Y b1;:::;bm (or viceversa)if a � b1; :::; bmreturn � = ft=Y b1;:::;bmg;else return `Fail';else (s = Xa1;:::;an ; t = Y b1;:::;bm)fcompute f[c1]; :::; [ck]g = min((fa1; :::; ang [ fb1; :::; bmg)=�);if 9d 2 C such that d � ci, for i = 1; :::; kif f[c1]; :::; [ck]g = f[a1]; :::; [an]greturn � = fY b1;:::;bm=Xa1;:::;angelseif f[c1]; :::; [ck]g = f[b1]; :::; [bm]greturn � = fXa1;:::;an=Y b1;:::;bmgelsereturn � = fs=Zc1;:::;ck ; t=Zc1;:::;ckg; (Z is new variable)elsereturn `Fail';g Figure 12:20
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bFigure 13:De�nition 3.8 A conditional reference signature (<;�) is a reference signature on Rtogether with a conditioning mapping � :<! 2D, (where D is the set of all positiveDF-clauses over R), such thati. �(Xa1;:::;an; ai) = >, for i = 1; :::; n and every Xa1;:::;an 2 SV ;ii. �(s;>) = >, for every s < >, andiii. For all s < t and every � admissible substitution wrt <, it follows that�(�(s); �(t)) � ��(s; t).Intuitively, a DF-clause � 2 �(s; t) denotes a su�cient condition under which thederivation s : t is true.Note that the pair (�(s); �(t)) at the point iii. in the above de�nition belongs tothe reference signature < due to the point iii. in the (simple) signature de�nition andto the de�nition given to the notion of admissible substitution.Now, the previous introduced notions for a (simple) reference signature generalizenaturally to the conditional case:De�nition 3.9 Let (<;�) be a conditional reference signature over R. A references is a descendent of the reference t under the condition �, and this fact is denoted bys �� t, if9r1; :::; rk 2 R such that s = r1 < r2 < ::: < rk = t and9�i 2 �(ri; ri+1), for i = 1; :::; k� 1 such that � = �1 ^ :::^ �k�1.Obviously, s 2 R is an admissible instance of Xa1 ;:::;an wrt < under the condition� if s ��i ai for i = 1; :::; n, and � = �1 ^ :::^ �k�1.Now we de�ne the \normality" of conditional reference signatures:De�nition 3.10 A conditional signature (<;�) is normal if the its unconditionalsubset is normal, i.e., s �> t; t �> s) s = t.Usually, the fact s �> t will be in the sequel written simply s � t, and in thegraphical representation associated to a conditional signature, only the non-> condi-tions will be explicitely written (as labels on the corresponding edges).3.3 DF De�nite NormalizationThis subsection extends normalization presented by subsection 3.1 to (DF theoriesput { via Skolemization { under the form of) de�nite DF-clauses.21



De�nition 3.11 A DF-de�nite constraint is a disjunction A_:B1_ :::_:Bn, whereA;B1; :::; Bn are DF-atomic constraints. (Notation: A :- B1; :::; Bn:)De�nition 3.12 A DF-de�nite clause is a �nite conjunction of de�nite DF-constraints.A de�nite DF-constraint can be naturally rewritten using the enhanced syntaxformally introduced in the beginning of this section using { i.e., copying { in the headof the clause the sort characterization of variables given in the clause body.Example 3.4 The de�nite clauses (C1) and (C3) in Example 1.2 correspond to:(C1) Xperson[happy] :� Xperson[friend!]Y(C3) Z[F symmetric!]W :�W [F symmetric!]Z:The notion of conditional reference signature determined by a de�nite DF-clauseused in the sequel is easily de�nable starting from that given for positive DF-clauses.De�nition 3.13 A DF-de�nite clause � is solved if1. the conditional reference signature <� determined by � is normal;2. if s := t 2 � then s does not have other occurrence in �;3. if 8<: s1[u1!�v1]t1 :- �1 2 �s2[u2!�v2]t2 :- �2 2 �, andmgu<� (<s1; u1; �v1 >;< s2; u2; �v2>; �; �) 9=; then �(t1 := t2 :- � ^ �1 ^ �2) 2�,4. if 8>>>><>>>>: s1[u1!�v1]t1 :- �1 2 �s2[u2)�v2]t2 :- �2 2 �unify<� (u1; u2; �; �);�s1 ��0� �s2; ��v1 ��00� ��v2; and� is most general with these properties 9>>>>=>>>>; then �(t2 : t1 :- � ^ �0 ^ �00) 2 �Similarly for !! in correspondence with )).In the above de�nition we denoted by s ��� t the fact that s is an admissibleinstance for t wrt <� under the condition �. Also mgu<� (s; t; �; �) denotes the factthat � is a most general admissible uni�er of s and t wrt <� under the condition �.De�nite normalization process elaborates equational normalization rules and corenormalization rules, shown in Figure 14, respectively Figure 15. They are slightlydi�erent versions of their basic counderparts. The di�erences that had to be coveredare due to the (assumed) universal closure of the de�nite DF-clause.(It is for this reason that we elaborated the precedent subsection and use now,in writing these rules { and also the rules in the next subsection { the notions ofadmissible instance and most general admissible uni�er wrt the determined signature.)Two mentions have to be done:1. De�nite antisymmetry dissociates into two rules { (D.AS) and (D.CC) { corre-sponding to the derivational and respectively the equational part of �. The \congru-ence closure" rule (D.CC) carries an equation between two references over all (pairsof) admissible instances of them in �.2. A sound de�nite normalization is performed if (D.F) and (D.WT) apply onlywhen equational rules �rst and then (D.AS) and (D.CC) can no more be applied.Note that the de�nite constraints introduced by (D.F) and (D.WT) can be re-named apart from the de�nite clause � before joining it.22



(D.EquE) t := t : �� ^ ��(D.VarE) Xa1 ;:::;an := Y b1;:::;bm ^ �X = Za1;:::;an;b1;:::;bm ^ Y = Za1 ;:::;an;b1;:::;bm ^ �(X=Z; Y=Z)if X occurs in � (Z is a new variable)Xa1 ;:::;an := a ^ �Xa1 ;:::;an := a ^ a : a1 ^ :::^ a : an ^ �(Xa1 ;:::;an=a)if Xa1 ;:::;an occurs in �(D.EquR) a := V ^ �V := a ^ �(D.ConR) a := b ^ �a := b ^ �(a=b) if a 6= b and a occurs in �Figure 14: Equational De�nite Normalization Rules(D.AS) t :s^ �s := t ^ � if s �� t(D.CC) s := t ^ �s0 := t0 :- � ^ s := t ^ � if <s0; t0>���<s; t>(D.F) s1[u1!�v1]t1 :- �1 ^ s2[u2!�v2]t2 :- �2 ^ ��(t1 := t2 :- � ^ �1 ^ �2) ^ s1[u1!�v1]t1 :- �1 ^ s2[u2!�v2]t2 :- �2 ^ �if mgu<� (<s1; u1; �v1>;<s2; u2; �v2>; �; �) and�(t1 := t2 :- � ^ �1 ^ �2) 62 �(D.WT) s1[u1!�v1]t1 :- �1 ^ s2[u2)�v2]t2 :- �2 ^ ��(t2 : t1 :- � ^ �0 ^ �00 ^ �1 ^ �2) ^ s1[u1!�v1]t1 :- �1 ^ s2[u2!�v2]t2 :- �2 ^ �if unify<� (u1; u2; �; �); �s1 ��0� �s2; ��v1 ��00� ��v2;� is most general with these properties, and�(t2 : t1 :- � ^ �0 ^ �00 ^ �1 ^ �2) 62 �Similarly for !! in correspondence with )).Figure 15: De�nite (Core) Normalization Rules23
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W’Figure 16:Proposition 3.3 Every de�nite DF-clause � is satis�able if it is satis�able in theDF-graph algebra11 G.Proof: Classical, as there is a DF-homomorphism from G to every DF-algebra Aand viceversa. 2Example 3.5 De�nite normalization of the de�nite DF-clause C corresponding tothe DF program in Example 1.2 produces the following three new clauses:(D1) lucy : person (C2)+(C6)+(C5)(D2) W 0:person :�W 0[friend!]person (C3)+(C2)+(C4)(D3) W 00 := lucy :�W 00[friend!]albert (C3)+(C6)+(C4)Figure 16 shows the corresponding conditional signature.3.4 DF Relative NormalizationRelative normalization rules test for the satis�ability of a DF-clause with respect to agiven DF-theory. In other words, they check wether the information contained in one(positive) DF clause (possibly representing a �-term) is consistent with informationavailable in another (de�nite) DF-clause. A substitution � will carry over the matchingcomputation result.We assume that the two clauses, namely the de�nite DF-caluse � which \controls"the normalization, and the (positive) DF-clause � which is normalized, do not havevariables in common prior relative normalization, and � is already normalized usingthe de�nite normalization rules already given.11G is de�ned as expected on the domain of all DF-graphs over SV [ C, provided that E and �(in correspondence with E00) are closed under admissible instantiation wrt E0.24
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Figure 17: Relative normalization as process communicationDuring the relative normalization process, the \de�nite" condition of each reducedconstraint enters the clause to be normalized. We can thus achieve goal resumption(over the well-known SLD resolution) in the sense pointed out by [7].A speci�c communication process can be thought as underlying the application ofthe relative normalization rules. Now the rules acting as communication agents �rstrewrite the information on the � clause blackboards and then try to erase (copies of)them according to the informations they read on the � clause blackboards, producinginstead the unifying substitutions. See Figure 17.The idea behind it is that after the de�nite normalization of � was done, relativenormalization tries to match directly derivation (respectively equation and method)constraints in � with derivation (equation, method) constraints in �.The relative normalization process starts with the group of equational relativenormalization rules in Figure 18. Base equational rules are naturally translated inthe new settings. New is the rule (R.ConR0) which does uniform the use of equatedconstants between � and �.The equational relative normalization rules are applied as many times as possiblewithout any preferential order. Then the DF-clause matching process is done byreduction relative normalization rules in Figure 19, tries to \view" the normalized clause� into the normalizing one, �. Figure 20 gives the �nal relative normalization rule,which makes the validation of the result of relative normalization.It should be added that the de�nite constraint in the clause that controls thereduction de�nite normalization is priorly renamed apart from the clause which isnormalized.If � was totally reduced then the relative normalization process succeeded, and the25



(R.EquE) � � ` t := t ^ �� ` �(R.VarE) � � ` Xa1 ;:::;an := Y b1;:::;bm ^ �fX=Za1;:::;an;b1;:::;bm; Y=Za1;:::;an;b1;:::;bmg � � ` �(X=Z; Y=Z)Z is new variable� � ` Xa1 ;:::;an := a ^ �fXa1;:::;an=ag � � ` a : a1 ^ :::^ a : an ^ �(Xa1;:::;an=a)(R.EquR) � � ` a := V ^ �� ` V := a ^ � if V is sorted variable(R.ConR) � � ` a := b ^ �� ` �(a=b) if a 6= b and a occurs in �(R.ConR0) � � ` �� ` �(a=b) if a occurs in � and a := b 2 �Figure 18: Equational Relative Normalization Rules(D.Red) � � ` � ^ s : t�� ` �(� ^ � ^ �0)if s0 : t0 :- �0 2 � and mgu<� (<s; t>;<s0; t0>; �; �)(E.Red) � � ` � ^ s := t�� ` �(� ^ � ^ �0)s0 := t0 :- �0 2 �, and mgu<�(<s; t>;<s0; t0>; �; �)(V.Red) � � ` � ^ s[uqt�v]t�� ` �(� ^ � ^ �0)if qt = !;!! or �b, and there is s0[u0qt0�v0]t0 :- �0 in � such thatmgu<�(<s; u; �v; t>;<s0; u0; �v0; t0>; �; �)(T.Red) � � ` � ^ s[uqt�v]t�� ` �(� ^ � ^ �1 ^ �2 ^ �3 ^ �0)if qt is );)), and there is s0[u0qt0�v0]t0 :- �0 in � such thatmgu<�(�u; u0; �; �), and �s ��1� �s0; ��v ��2� ��v0; �t0 ��3� �t.Figure 19: Relative Normalization Rules: Reduction26



(R.Val) � ` �: ` ?if � { is not the empty DF-clauseFigure 20: Relative Normalization Rules: Validationsubstitution �, which carried the matching result (� was assumed ", the empty sub-stitution, in the beginning of relative normalization), is now a most general unifyingsubstitution of � into �.Note that reduction relative normalization rules introduce (appart from all prece-dent rules!) true non-determinism: applying one of them could cause the failure ofthe relative normalization process (i.e., the ? clause) without leading necessarily tothe conclusion � does not normalize wrt �. Such a conclusion could be formulatedonly after all possible trials were done, and it is taken by the relative validation rule,which is applied (only) after all other relative normalization rules can no more beapplied.Theorem 3.1 (Soundness and completeness of DF-relative normalization)For every � de�nite solved DF-clause and � positive DF-clause which have novariable in common,� ^ :� is unsatis�able i� � j=DF ~9� i� � normalizes to > wrt �, and if this isthe case, for every computed admissible substitution � there follows that � j=DF ��.Proof: The easiest way to prove this theorem is to refer to the correspondingresults in DF-logic, since{ there is an immediate correspondence between DF-logic semantic structures andDF-algebras, and{ any reduction of � to > wrt � corresponds to a refutation from (the DF-logicformula coresponding to) � ^ � in DF-logic.In a direct manner, the claim can be proven by consideringM, minimalDF-modelof �! �:{ the equality relative normalization rules put � into anM-equivalent form, and{ application of any reduction rule is based on the fact that� j=M ~9(' ^ �) i� � j=M ~9�(� ^ �0 ^ �) provided that ' is an atomic DF-constraint,there is '0 : � �0 2 � and � admissible substitution wrt such that � = mgu<�('; '0; �).12The \if" implication is immediate, while the \only if" part is due to the solved formof � and the minimalty ofM. 2Proposition 3.4 Deciding satis�ability of a DF-clause wrt a solved de�nite DF-clause is NP-hard.Proof: Let's take the simple case of normalizing two positive DF-clauses �1 and�2. (This covers the case of �-term \into" uni�cation as de�ned by M.Kifer.) We haveto �nd a mapping � : �1 ! �2, where each �i is seen as set of atomic DF-constraints,such that �' = ��('); 8' 2 �1. Such a mapping can be found in NP-time wrt thelength of �1 and �2. 212Note that the fact that ' uni�es with '0 implies that the two constraints belong to a samecategory: derivation, equality, or a certain subcategory of method constraints.27
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Figure 21:Example 3.6 Let consider again the DF program in Example 1.2,The clauses (D2) and (D3) can be eliminated since relative normalization provesthat the condition of (D2) is never satis�ed and the head of (D3) is a trivial equation.(Note that the necessity for doing occur check is encountered.)The reference signature �nally obtained, extended with object/class functional spec-i�cations is shown in Figure 21. It gives an idea on the DF-graph canonical algebraassociated to the program. The solutions of a query are found on such a graph viaadmissible instantiation, DF-algebra homomorphisms and relative de�nite normaliza-tion.The goal ?� lucy[happy] is solved { by relative normalization { as it follows:(G0) lucy[happy] (C1) �0 = fX=lucyg(G1) lucy[friend!]Y 0 (C3) �1 = fZ=lucy; F=friendg(G2) W 000[friend!]lucy (C6) �2 = fW 000=albertg(G3) 2Conclusion and further workDF is a constraint logic system working on �-terms, data frames which o�er anincreased expressivity over  -terms and feature trees, while maintaining the mainresults of the CFT and OSF theories, namely clause satis�ability via rewriting rules,the canonicity of a graph algebra, and relative clause normalization as an entail-ment/disentailment decision method.Speci�c points of the present work are fgirst-citizen status o�ered to both featuresand sorts, �ner grained feature constraints (single- and multi-valued features witharguments), run-time type control and inferential completion of (partially speci�ed,possibly conditional) sort signature via well-type conditioning and type inheritanceaxioms. 28



We intend to implement these normalization procedures either using LOGOS {the object-oriented environment we have designed for logic programming languagesimplementation [11], or { quite better { in Oz, the concurrent constraint object-oriented language built on top of CFT theory. Also, we want to see how the Oz-likeconcurrent calculi (for instance [20], [22]) will support us towards this goal from atheoretical point of view.As an application �eld we intend to implement Head-driven Phrase StructureGrammars [18] for natural language processing.AcknowledgementsI have bene�t frommany helpful discussions with professor Jean-Paul Delahaye duringmy �ve months stay at LIFL - University of Lille. My colleagues Dorel Lucanu,Mihaela Juganaru, Mirela Petrea and R. Volanski provided for interesting remarks onprecedent versions of this paper. My thanks go equally to all of them. The unknown(yet) faults herein are due only to the author. He simply hopes that during the nextstage of his work will be able to cover them and to improve his work style.Appendix: Introduction to F-logicWe give here a brief outline of a F-logic, slightly adapted from [16].For convenience, we restricted the presentation assuming Datalog instead of Prologones as `identi�cation' terms for complex objects. We name DF-logic the subset ofF-logic determined in this way. All the results are naturally preserved in the newsettings..1 SyntaxLet be C a set of constants ranged over by a; b; c; :::, and V a set of variables denotedX;Y; Z; :::. Both constants and variables will be called in the subsequent references,and we will range them over by s; t; u; v; ::: .DF-terms are syntactic constructions de�ned by the following BNF grammar:is-a term := s : tequation := s = t�-term := s[method ; method ; ::: ;method]method := u@v1; :::; vn quasi-type tquasi-type := ! j ) j !! j )) j�bThe reference s in the �-term de�nition is sometimes called the �-term identi�ca-tion part. The reference u in the method speci�cation corresponds to the well knownnotion feature, and the possibly empty sequence of arguments v1; :::; vn is commonlyreferred as the context of feature's application. There are �ve kinds (we call themquasi-types) of methods: functional (corresponding to the quasi-type !), set-valuted(!!), function-typing ()), set-typing ())), and boolean (�b) methods.All methods correspond to partially de�ned mappings. Functional methods aresingle-valued, while set-valued methods are multi-valued mappings. Function-typingmethods and set-typing methods are multi-valued too, and they de�ne the types ofvalues taken by functional methods, respectively set-valued methods. Booleanmethodsact like functional methods, but they are restricted to only one value: >[ ], here adenotation for the truth value true. Therefore, the explicit writing of this value willbecome super
uous. 29



DF-logic formulae are de�ned as one would expect, using logical connectives andquanti�ers over is-a terms, equations and �-terms..2 SemanticsThe declarative DF-semantics makes use of intensional de�nitions for methods, whichmeans that functions and predicates are associated to reference denotations in theinterpretation domain (instead to syntactic symbols, as �rst-order logic usually does).A DF-semantic structure over an alphabet C is a tupleS =< D;�; IC; I!; I); I!!; I)); I�b >where:� D { the domain of interpretation { is a non-empty set;� � is a partial order relation on D;� IC : C ! D is the interpretation of constant symbols;� I! : D ! Qn�0Partial(Dn+1; D) is the interpretation of functional methods.Partial(A;B) denotes the set of all partially de�ned functions from A to B.(I!(m))(n)(u; u1; :::; un) denotes, when de�ned, the value taken by the func-tional methodm when called by the object/class uwith the arguments u1; :::; un.� I) : D ! Qn�0PartialAntimonotone(Dn+1; 2DS" ) is the interpretation of fun-typing methods.2D" denotes the set made out of all upward-closed subsets of D. (A subset A ofD is in 2D" i� for every x 2 A there follows that every y � x belongs to A.Given A and B two sets partially ordered respectively by �A and �B , a functionf : A! B is antimonotone i� whenever f(x) is de�ned then f(y) is de�ned forevery y �A x, and f(x) �B f(y). (The antimonotone property is used furtherfor argument subtyping.)(I)(m))(n)(u; u1; :::; un) will say, when de�ned, that the value taken by thefunctional method m called by u in the contex u1; :::; un belongs to each one ofthe classes in the set denoted by (I)(m))(n)(u; u1; :::; un) .� I!! : D ! Qn�0Partial(Dn+1; 2D) is the interpretation of set-valued methods.2D denotes the powerset of d, i.e., the set of all subsets of D.(I!(m))(n)(u; u1; :::; un) denotes, when de�ned, the values taken by the set-valued method m when called by u in the contex of u1; :::; un.� I)) : D ! Qn�0PartialAntimonotone(Dn+1; 2D" ) is the interpretation of set-typing methods.(I))(m))(n)(u; u1; :::; un) will say, when de�ned, that all the values taken by theset-valued method m called by u in the contex u1; :::; un belong to each one ofthe classes in the set denoted by (I))(m))(n)(u; u1; :::; un) .30



� I�b : DS !Qn�0 2Dn+1 is the interpretation of predicative methods.For each n � 0, the I�b(m))(n) component of I�b(m) denotes the set of all tuples< u; u1; :::; un > belonging tom, whenm interpretingm as a (n+1)-ary relation.The well-typing conditions which link the interpretation of method values and typesare stated as follows:if q = (I!(m))(n)(u; u1; :::; un), then q � r for each r 2 (I)(m))(n)(u; u1; :::; un),andif q = (I!!(m))(n)(u; u1; :::; un), then q � r for each r 2 (I))(m))(n)(u; u1; :::; un).The notion of variable assignment in a given DF-semantic structure S is de�nedas usually. The satis�ability for DF is-a terms, equations and elementary13 �-terms isgiven by the following formulae (assuming that � is a variable assignment in the DFsemantic structure S):S; � j= s : t i� �(s) � �(t) in D;S; � j= s := t i� �(s) = �(t) in D;S; � j= s[m@u; u1; :::; un ! v] i� (I!(�(m)))(n)(�(u); �(u1); :::; �(un)) is de�nedand equal to �(v);S; � j= s[m@u; u1; :::; un ) t] i� (I)(�(m)))(n)(�(u); �(u1); :::; �(un)) is de�nedand contains �(t); similarly for !! and )); and �nallyS; � j= s[m@u; u1; :::; un] i� (I!(�(m)))(n) contains < �(u); �(u1); :::; �(un) >.DF-term uni�cation is de�ned in the case of is-a terms and equations via uni�ca-tion of arrays of Datalog terms. Given s a 
at �-term, it uni�es \into" the �-term t,and � is one of their unifying substitution, if the set of elementary �-subterms of t�is included into the set of elementary �-subterms of s�.DF inference rules, formulated for the case of 
at �-terms are the following:1. Resolution:T _ C; T 0 _ C0; � = mgu(T; T 0)�(C _ C0)2. FactoringT _ T 0 _ C; � = mgu(T; T 0)�(T _ C 0):T _ :T 0 _ C; � = mgu(T; T 0)�(:T 0 _C)3. ParamodulationL[T ]_ C; (T 0 := T 00) _ C0; � = mgu(T; T 0)�(L[T 00] _ C _ C0)4. Is-a Re
exivityX : X13A �-term is elementary if it has only one method. Of course, any 
at �-term is equivalent to aconjunction of elementary �-terms. 31



5. Is-a TransitivityP : Q _ C; Q0 : R0 _ C0; � = mgu(Q;Q0)�(P : R0 _ C _ C0)6. Is-a AntisymmetryP : Q _ C; Q0 : P 0 _ C0; � = mgu(< P;Q >;< P 0; Q0 >)�((P := Q) _ C _ C0)7. Well-TypingP [M@Q1; :::; Qk ! R]_ C; P 0[M 0@Q01; :::; Q0k) R0] _ C0� = mgu(< P;M;Q1; :::; Qk >;< P 0;M 0; Q01; :::; Q0k >)�(R : R0 _C _ C0)Similarly for set valued methods: replace ! by !!, and ) by )).8. Type InheritanceP [M@Q1; :::; Qk ) T ]_ C; S0 : P 0 _ C0; � = mgu(P; P 0)�(S0[M@Q1; :::; Qk) T ] _ C 0 _ C00)Similarly for set valued methods.9. Argument SubtypingP [M@Q1; :::; Qi; :::; Qk) R]_ C; Q00i : Q0i _ C0; � = mgu(Qi; Q0i)�(P [M@Q1; :::; Q00i ; :::; Qk ) T ]_ C0 _ C00)Similarly for set valued methods.10. Range SupertypeP [M@Q1; :::; Qk ) R]_ C; R0 : R00 _ C0; � = mgu(R;R0)�(P [M@Q1; :::; Qk) R00] _ C0 _C00)Similarly for set valued methods.11. FunctionalityP [M@Q1; :::; Qk ! R]_ C1; P 0[FunM 0@Q01; :::; Q0k! R0]_ C2� = mgu(< P;M;Q1; :::; Qk >; (< P 0; FunM 0; Q01; :::; Q0k >�(R := R0 _ C1 _ C2)12. MergingP [:::]_ C; P 0[:::]_ C0; � = mgu(P; P 0); R = merge(�(P [:::]); �(P 0[:::]))R _ �(C _ C 0)13. Elimination:T [ ] _ CCThe following result links the declarative and procedural semantics of DF-logic:Theorem .2 (Kifer): The above DF inference rules are sound and complete withrespect to the declarative semantics (priorly) de�ned. I.e., for any unsatis�able set Sof clauses, there is derivation of the empty clause from S using the above given rules.32



It is in fact to this result that we awe the development of the DF constraint system.Finally, the correspondence between DF-semantic structures and DF-algebras isquite natural.Let be the DF-semnatic structureS =< DS ;�S ; ISC ; IS!; IS); IS!!; IS)); IS�b > :We de�ne the DF-algebraA(S) =< DA;�A; IAC ; (IAu!�v)u;�v; (IAu)�v)u;�v; (IAu!!�v)u;�v; (IAu))�v)u;�v; (IAu�b�v)u;�v >by takingDA = DS [ fTg, with T 62 DS ,�A=�S [f(u; T )ju is maximal element in DSg,IAC = ISC ,(IAm!�v)(n)(m) = f(u;w)2DAj(IS!(m))(n)(u; �v)) is de�ned and equal to wg,where n is the lenth of the sequence �v,(IAm)�v)(n)(m) = f(u;w)2DAj(IS)(m))(n)(u; �v) is de�ned and contains wg;similarly for !!, and for )), and �nally(IAm�b�v)(n) = fu2DAj(IS�b (m))(n) contains (u; �v)g.Due to the well-typing conditions stated for DF-semantic structures, A(S) satis�esall the axioms stated for DF-algebras but (C). Moreover, for every ' DF-logic formulaand every � valuation in Sif S; � j= ' then there is � valuation in A(S) such that A(S); � j= �;where � is the DF-constraint formula corresponding to DF-logic formula '.Conversely, given a DF-algebraA =< DA;�A; IAC ; (IAu!�v)u;�v; (IAu)�v)u;�v; (IAu!!�v)u;�v; (IAu))�v)u;�v; (IAu�b�v)u;�v >we can associate it a DF-semantic structureS(A) =< DS ;�S ; ISC ; IS!; IS); IS!!; IS)); IS�b > :de�ning its components in the following way:DS = DA,�S=�A (�A denotes the re
exive and transitive closure of �A);ISC = IAC ;(IqtS(m))(n)(u; �v) = w i� IAmq t�v is true for (u;w), for qt 6=�b.(IS�b (m))(n) contains (u; �v) i� IAu�b�v is true for (i.e, contains) u,n being the length of the sequence denoted by �u.It's not di�cult to verify that due to the DF axiom schemes (that A veri�es)S(A) is indeed a DF-semantic structure, and it satis�es the well-typing conditions.Moreover, for every � DF-constraint formula and every valuation � in Aif A; � j= � then there is � valuation in A(S) such that A(S); � j= ';where ' is the DF logic formula corresponding to DF-constraint formula �.33
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